The explicite formulas for Möbius function and some other important elements of the incidence algebra of an arbitrary cobweb poset are delivered. For that to do one uses Kwaśniewski's construction of his cobweb posets [8, 9] . The digraph representation of these cobweb posets constitutes a newly discovered class of orderable DAG's [12, 6, 1] named here down KoDAGs with a kind of universality now being investigated. Namely cobweb posets' and thus KoDAGs's defining di-bicliques are links of any complete relations' chains.
Cobweb posets
The family of the so called cobweb posets Π has been invented by A.K.Kwaśniewski few years ago (for references see: [8, 9] ). These structures are such a generalization of the Fibonacci tree growth that allows joint combinatorial interpretation for all of them under the admissibility condition (see [10, 11] ). Let {F n } n≥0 be a natural numbers valued sequence with F 0 = 1 (with F 0 = 0 being exceptional as in case of Fibonacci numbers). Any sequence satisfying this property uniquely designates cobweb poset defined as follows. For s ∈ N 0 = N ∪ {0} let us to define levels of Π: Obviously any cobweb poset can be represented, via its Hasse diagram, as infinite directed graf Π = (V, E), where set V of its vertices is defined as above and
where 1 ≤ j ≤ F p and 1 ≤ q ≤ F (p+1) stays for set of (directed) edges. The Kwasniewski cobweb posets under consideration represented by graphs are examples of oderable directed acyclic graphs (oDAG) which we start to call from now in brief: KoDAGs. These are structures of universal importance for the whole of mathematics -in particular for discrete "'mathemagics"' [http://ii.uwb.edu.pl/akk/ ] and computer sciences in general (quotation from [10, 11] 
For any given natural numbers valued sequence the graded (layered) cobweb posets' DAGs are equivalently representations of a chain of binary relations. Every relation of the cobweb poset chain is biunivocally represented by the uniquely designated complete bipartite digraph-a digraph which is a di-biclique designated by the very given sequence. The cobweb poset is then to be identified with a chain of di-bicliques i.e. by definition -a chain of complete bipartite one direction digraphs. Any chain of relations is therefore obtainable from the cobweb poset chain of complete relations via deleting arcs (arrows) in di-bicliques. Let us underline it again : any chain of relations is obtainable from the cobweb poset chain of complete relations via deleting arcs in dibicliques of the complete relations chain. For that to see note that any relation R k as a subset of A k × A k+1 is represented by a one-direction bipartite digraph D k . A "complete relation" C k by definition is identified with its one direction di-
The one direction digraph of d − B k is called since now on the dibiclique i.e. by definition -a complete bipartite one direction digraph. Another words: cobweb poset defining di-bicliques are links of a complete relations' chain.
According to the definition above arbitrary cobweb poset Π = (V, ≤) is a graded poset ( ranked poset) and for s ∈ N 0 :
where r : Π → N 0 is a rank function on Π. Let us then define Kwaśniewski finite cobweb sub-posets as follows
Φ s and ≤ being the induced partial order relation on Π.
Its easy to see that P n is ranked poset with rank function r as above. P n has a unique minimal element 0 = 1, 0 ( with r(0) = 0). Moreover Π and all P n s are locally finite, i.e. for any pair x, y ∈ Π, the segment [x, y] = {z ∈ Π : x ≤ z ≤ y} is finite.
I this paper we shall consider the incidence algebra of an arbitrary cobweb poset. The one for Fibonnaci cobweb poset uniquely designated by the famous Fibonacci sequence was presented by the present author in [4, 5] where Möbius function and some other important elements of the incidence algebra were delivered. As we shall see, the construction of an arbitrary cobweb poset universal for all such structures enables us to extend these results to the hole family of cobweb posets.
Incidence algebra of an arbitrary cobweb poset
Let us recall that one defines the incidence algebra of a locally finite partially ordered set P as follows (see [13, 14, 15] ):
The sum of two such functions f and g and multiplication by scalar are defined as usual. The product h = f * g is defined as follows:
It is immediately verified that this is an associative algebra (with an identity element δ(x, y), the Kronecker delta), over any associative ring R.
Let Π be an arbitrary cobweb poset uniquely designated by the natural numbers valued sequence {F n } n≥0 , in the way as written above. Now, we shall construct some typical elements of incidence algebra I(Π) of Π. Let x, y be some arbitrary elements of Π such that
The zeta function of Π defined by:
is an element of I(Π). Obviously it is a characteristic function of partial order in Π. One can show that for x, y ∈ Π as above
The knowledge of ζ enables us to construct other typical elements of incidence algebra of Π. The one of them is the Möbius function indispensable in numerous inversion type formulas of countless applications [13, 14, 15] . Of course the ζ function of a locally finite partially ordered set is invertible in incidence algebra and its inversion is the famous Möbius function µ i.e.:
One can recover it just by the use of the recurrence formula for Möbius function of locally finite partially ordered set I(P ) (see [13] ):
Namely for x, y ∈ Π as above one has
The formula (3) enables us to formulate the following theorem (see [13] ):
Theorem 1. (Möbius Inversion Formula for Π)
Let f (x) = f ( s, t ) be a R valued function, defined for x = s, t ranging in cobweb poset Π. Let an element p = p 1 , p 2 exist with the property that f (x) = 0 unless
Hence using coordinates of x, y in Π i.e. x = s, t , y = u, v if
then we have
Now we shall deliver some other typical elements of incidence algebra I(Π) perfectly suitable for calculating number of chains, of maximal chains etc. in finite sub-posets of Π.
The function ζ 2 = ζ * ζ counts the number of elements in the segment [x, y] (where x = s, t , y = u, v ), i.e.:
Therefore for x, y ∈ Π as above, we have:
For any incidence algebra the function η is defined as follows:
The corresponding function for x, y being elements of the cobweb poset Π, (x = s, t , y = u, v ) is then given by formula:
It was shown [13, 15] that η k (x, y), (k ∈ N) counts the number of chains of length k, (with (k + 1) elements) from x to y. In Π one has
(for F v+1 − F t+2 < 0 one takes η 2 (x, y) = 0) and
In general, for k ≥ 0:
Now let
For elements of Π as above we have:
The inverse function C −1 (x, y) counts the number of all chains from x to y. From the recurrence formula one infers that
For any incidence algebra the function χ is defined as follows:
where x ⋖ y iff y covers x, i.e. |[x, y]| = 2. For x, y ∈ Π as above one has
It was shown [13, 14, 15] that χ k (x, y), (k ∈ N) counts the number of maximal chains of length k, (with (k + 1) elements) from x to y. In Π one has
and
In general
for k ≥ 0.
Finally let
For elements of Π, (x = s, t , y = u, v ) one has:
Then the inverse function of M:
counts the number of all maximal chains from x to y.
Remark 1. Let us remark that above formulas hold for functions: ζ, µ, η, etc. being elements of I(P n ) for n ≥ 0 -the incidence algebras of finite cobweb posets P n i.e. finite sub-posets of Π. For example in arbitrary P n one has
Remark 2. Let us recall that for P being finite poset, the incidence algebra I(P ) over a commutative ring R with identity is isomorphic to a subring of M |P | (R), i.e. subring of all upper triangular |P | × |P | matrices over the ring R, [13, 14, 15] . Let us show how it works in case of (finite) cobweb poset P n , (n ≥ 0). One can define a chain (linear order) X = (X, ≤ X ) on the set of all elements of P n as follows:
Now for f being an element of I(P n ) let us define corresponding matrix
where x i , x j are i-th i j-th elements of the chain X, respectively. It's easy to verify that that M (f ) is a ν × ν, (ν = 1 + n k=1 F k ) upper triangular matrix. Then the product f * g corresponds to the product M (f )M (g) of matrices and an invertible element f ∈ I(p n ) corresponds to an invertible matrix M (f ), i.e. det M (f ) = 0.
For example matrix M (ζ) corresponding to ζ ∈ P 6 being a finite cobweb poset designated by the sequence of Fibonacci numbers is of the form M (ζ) = 2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  0 0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  0 0 0 0 0 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1  0 0 0 0 0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1  0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 The formulas delivered above allow us to construct matrices of this and other elements of I(P n ) for P n being the finite cobweb poset designated by an arbitrary natural number valued sequence {F n } with F 0 = 1 (F 0 = 0 being exceptionable as in case of Fibonacci sequence).
